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on the loss
function used
to train the
algorithm.

From: Plume App



¥ In this talk we propose to use the celebrated
Dynamic Time Warping discrepancy as a loss.

¥ Loss functions should beifferentiable . We show
that an appropriate smoothing , soft-DTW, helps

¥ We apply this toseveral problems
¥ Computation ofboarycenters
¥ Clustering of time series,
¥ Learning with structured (time series) output



0. The DTW Geometry

2. Soft-DTW as a Loss Function



(1.1)

Dynamic Time Warping

A discrepancy function between
two time series of observationd
supportecbn a metric space.
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Cost=1! 11+ oo+ 5o+ a3+l g4+ 46+ 56+ ! 57
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Min Cost Alignment Matrix?
Y1 Y2 Y3 Y4 Y5 Y6 Y7
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Min Cost Alignment Matrix?
Y1 Y2 Y3 Ya Y5 Y6 Y7

Set of all valid path matrices: A(n,m) C {0,1}™**™



Best Alignment Matrix
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Best Alignment Matrix

g

Size of A(n, m) is exponential in n, m.
# A(n,m) = Delannoy(n — 1,m — 1)

-y

Set of all valid path matrices: A(n,m) C {0,1}™*™
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Best Path: Bellman Recursion
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Best Path: Bellman Recursion
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Best Path: Bellman Recursion




Best Path: Bellman Recursion

dtw O(X ,Y): ['n.m
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Optimal Path

oo oo oo oo oo oo oo

°° III--I 1

dtVVO(X,Y)— rn,m :|A ,! y



Optimal Path
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dtVV O(X 1Y): rn,m
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DTW as a Loss: Differentiability?



DTW as a Loss: Differentiability?

><Y6
Y7

dtw ()(X + dX ,Y): [ n.m +?
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DTW as a Loss: Differentiability?
=Y _

dt\No(X + dX,Y): A" X +dX Y
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DTW as a Loss: Differentiability?

x4rY5

~Ye6
X5
" Y T

dt\No(X + dX,Y)t "A | X +dxX v F
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DTW as a Loss: Differentiability?

dtwo(X,Y)= min (A, Axy)

AcA(n,m)
dw o(X,Y) _ ldw o(X,Y) ! xy
X Ty v X

e

R"™ M1 R R\!|!n!v RN! M
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DTW as a Loss: Differentiability?

dtwo(X,Y)= min (A, Axy)

AcA(n,m)
= ' T
dw o(X,Y) L Ldw o(X,Y) 1! xy
X Ty X

e

R"™ M1 R R\!|!n!v RN! M
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DTW as a Loss: Differentiability?

dtw(X,Y) = Aegl(glm)ul, Axy )

!xdt\No(X,Y): i - min "é.! x vy 1

X
I X ~ A(n,m)

/ N

RNt m Rl Iff optimal solution
- IS unique
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DTW as a Loss: Differentiability?

dtw(X,Y) = Aegl(%lm)<z4, Axy )

¥ dtw ¢ Is piecewiselinear w.r.t |

¥ If | i = !(Xi,yj = I'x; " yj!z, dtw g
IS plecewisequadratic w.r.t. X .
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DTW as a Loss: Differentiability?

dtw(X,Y) = Aegl(%lm)<z4, Axy )

¥ If A" Is unique ,

| T
|y dtw (X ,Y) = - !O)((’Y) A

¥ dtw ¢ has a discontinuous gradient.
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Any way to fix this?

dtw(X,Y) = Aegl(glm)m, Axy )

Problem : non-di! erentiablility of min
operator over pnite family of values.

FIX |
MiNj; n,Ui, |

n

- |
min° (Ug,...,Un) = .
l llog _, e 4t |
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Examplsoftmin of quadratic function:

f(x) = irplin !S ax’+ bhx+ ¢

0 0.2 0.4 0.6 0.8 1



Examplsoftmin of quadratic function:

f(x) = irDlin !S ax’+ bhx+ ¢




Soft-DTW

dtw(X,Y) = Aegl(glm)ul, Axy )

Fix . Replace min by mirm ,! > C

diw (X ,Y)= min° A xy"
Al A(n,m)

n VA XY )

dtw , (X ,Y)=11log e
Al A(n.m)

29



Soft-DTW

dtw(X,Y) = Aegl(glm)ul, Axy )

Fix . Replace min by mirm ,! > C

diw (X ,Y)= min° A xy"
Al A(n,m)

dtw , (X ,Y)=1 Iog' L
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RecursiveComputation

dtw(X,Y) = Aegl(glm)ul, Axy )

i3 = mlﬂ(”’“z’—1,j—1 y T'e—1,5 5 7“7;,3'—1) + Ai,j

diw (X ,Y)= min° A xy"
Al A(n,m)

[ij = min (ri! 1j! 2 Fivaj ., Fij 1)+ | )
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DTW as a Loss: Differentiability?

diw  (X,Y)= min" TAl xy"

Al A(n,m)
T ’ " 4 # |
| L " 1o g G RV
|y dtw (X ,Y) = XY | J
X !( ) | X A(h.m)
| Ae.. LA, ! !X vy o
E! [A] = A!A(!n,m) W AL oyt
e |
Rﬂ! m I R‘I || 1 Al A(n,m)
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DTW as a Loss: Differentiability?

dtw ; (X ,Y) =

min ' | .
Al A(n,m)'A’ XY

31

! |Og e!" é,' X Y # |

A(n,m)

Ae T

E [A] = A A(i”’m)

f Expectation of Path ?
| under Gibbs distribution



Recursive Computation (Backwarc

[ ] = min" (ri! 1j! 2 Fivaj ., Fij 1)+ | )

!dt\N!(X,Y): !dt\N!(X,Y)!!

I X ] I X
! dtVV I (X ,Y) — - !rn’m — - !rn’m |r|’] — - !rn,m
I | i i ! Iij I i i | [ i
T m
e'J LT
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Computation Graph: Forward

BellmanOs recursion has the following
computational graph

“\\ oy 2 -“ - 0 ,-/_. - . v
¢ . , I : mm
PSS RC SV R *
. EEEEE ] mu
: Ll ok ’ ru +1
.. .
L 4 - I
1 i i S .




Backward Pass

with a few simplifications, the backward
pass boils down to the following updates.

-- -
. B(rij sabrig Pl ) |

Ci,J ‘ =

34



Backward Recurrence

q = e| (r|+1j! i ] ] ,j)

b_ e, (r|J +1! rIj . ] +1)

Pl s 41 )

C_ e' (I’|+1 J +1 | IFlj

€j = €+1,) aa+ €41 aAb+ €4 j41 AC

HINCA

I X 2

!th\N!(X,Y):
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Backward Recurrence

q = e. (r|+1j! i ] ] ,j)

b_ e, (r|J +1! rIj . ] +1)

Pl s 41 )

C_ e' (I’|+1 J +1 | IFlj

€j = €+1,) aa+ €41 aAb+ €4 j41 AC

HINCA

I X :

!th\N!(X,Y):
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0. The DTW Geometr
1. Soft-DTW
2. Soft-DTW as a Loss Function



Interpolation Between 2 Time Serie

min ! dtw | (X, Y1)+ (1 1 )dw, (X, Y2)]

2 ;.
1 1
0 0-
-1 —1- \
) —2
0 25 50 75 100 125 150 0 25 50 75 100 125 150

Euclidean loss Soft-DTW loss (v = 1)
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sDTW Barycenter

! | .
min  —dtw, (X,Y;)
X m;
J =1
, Soft-DTW (y=1) S Soft-DTW (y=0.01) S DBA

0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100

[DBA] Petitjean et al., A global averaging method for dynamic time warping,
with applications to clustering. Pattern Recognition, 44 (3):678D693, 2011.
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sDTW Barycenter

! | .
min
X . M
J =1
Table 1.Percentage of the datasets on which the proposed

DTW barycenter is achieving lower DTW loss (Equatidhith
3 = 0) than competing methods.

dtw | (X, ;)

Random Euclidean mean
t Initialization Initialization
1S
- Comparison with DBA
l =1 40.51% 3.80%
l =0.1 93.67% 46.83%
l =0.01 100% 79.75%
l =0.001 97.47% 89.87%
© Comparison with subgradient method
€ -9 96.20% 35.44%
IC- 1 =0.1 97.47% 72.15%
l =0.01 97.47% 92.41%
1 =0.001 97.47% 97.47%
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sDTW Barycenter

= 0) than competing methods.

Random Euclidean mean
t Initialization Initialization

1S

Comparison with DBA

l =1 40.51% 3.80%

l =0.1 93.67% 46.83%

l =0.01 100% 79.75%

l =0.001 97.47% 89.87%
© Comparison with subgradient method
€ -9 96.20% 35.44%
IC- 1 =0.1 97.47% 72.15%

l =0.01 97.47% 92.41%

1 =0.001 97.47% 97.47%
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sDTW Clustering
!N

min _mln dtw ; (Xi,Yj)
)(.;1 unry X k . _q | = I(

Cluster 2 (9 points)

0 25 50 75 100 125 0 55 50 75 100 125




sDTW Clustering

| N

min _m|n dtw 1 (Xi,Y)
X 1,000, XKk . | = k
J =1
Table 2.Percentage of the datasets on which the proposed

DTW basedk-meansis achieving lower DTW loss (Equatiob)(
with! = 0) than competing methods.

Random Euclidean mean
Initialization Initialization

Comparison with DBA

| = 15.78% 29.31%
1 =0.1 24.56% 24.13%
1 =0.01 59.64% 55.17%
| =0.001 77.19% 68.97%
Comparison with subgradient method

l =1 42.10% 46.44%
1 =0.1 57.89% 50%

l =0.01 76.43% 65.52%
l =0.001 96.49% 84.48%
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f

sDTW Prediction Loss

10 REE (oY)t T #RETM

IN© 1
min  —dtw , (fi (x;),Y;)
oz M
. Input Output

O_

£
=,

-  Euclidean loss
—2- = Soft-DTW loss
Ground truth

‘<

0 100 200 300 400 500
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sDTW Prediction Loss

N
min oo dw (1 0a). Y1)

ffable 3.Averaged rank obtained by a multi-layer percep
(MLP) under Euclidean and soft-DTW losses. Euclidean ini
ization means that we initialize the MLP trained with soft-D
loss by the solution of the MLP trained with Euclidean loss.

Random Euclidean
Initialization Initialization

Training loss

When evaluating with DTW loss

Euclidean 3.46 4.21
soft-DTW ( =1) 3.55 3.96
soft-DTW( =0.1) 3.33 3.42
soft-DTW ( =0.01) 2.79 2.12
soft-DTW (! =0.001) 1.87 1.29
When evaluating with Euclidean loss

Euclidean 1.05 1.70
soft-DTW ( =1) 2.41 2.99
soft-DTW ( =0.1) 3.42 3.38
soft-DTW (! =0.01) 4.13 3.64
soft-DTW (! =0.001) 3.99 3.29
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Poster: #96

Dynamic Time Warping Is a natural and flexible
discrepancy to compare time series, yet iho-
differentiable.

Soft-DTW Is a differentiable approximation, with
better convexity properties.

Using soft-DTW quantity results in better minima,
even when measured with the original DTW

Code avallable on
https://github.com/mblondel/soft-dtw
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