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Maximum Likelihood Estimation

ON AN ABSOLUTE CRITERION
FOR FITTING FREQUENCY CURVES.

By R. A. Fisher, Gonville and Caius College, Cambridge.

1. IF we set ourselves the problem, in its essence one of
frequent occurrence, of finding the arbitrary elements in a
function of kunown form, which best suit a set of actual
observations, we are met at the outset by an arbitrariness
which appears to invalidate any results we may obtain. In
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Statistical Estimation
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Model = positive densities
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Model = positive densities
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Model = generative
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Illustration - GAN
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Wasserstein Distances

Def. For p > 1, the p-Wasserstein distance
between p,v in P(€2), defined by a metric

D on (),

Wg(u,l/) ' inf //D(X, Y)dP(X,Y).
Pell(p,v)

Wy, v) = sup / pdp + / (ol
peLi(pm),peLly(v)
e(z)+(y)<D"(z,y)
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W is versatile

Discrete - Discrete

I JI< I Discrete‘- Continuous
o] B
A o

Continuous - Continuous

B e




Network tflow solver
Entropic regularization

Discrete - Continuous

111 l |
IM’11]| KMB’16] [L’1
Continuous - Continuous
Optimization
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Dual regularization

Wy (p,v) = sup
P,

/ pdp

/¢dV — (e, Y)

C={(p;¥)|lp@y < D"}
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Dual regularization

Wy (p,v) = sup
P,

/ pdp

/¢dV — (e, Y)

C={(p;¥)|lp@y < D"}
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Dual regularization

p _ d dy —
Wy (w,v) il}g/so p /¢ v —c(p, )

C={(e,¥)|lp®dtp < D"}

%
regularizing dual \ ! constraints vy > 0

W, (p,v) = it}g/godu T /?,bd'/ —1o(p, )

(o) =7 [f PP dpdy

REGULARIZED DUAL
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Network tflow solver
Entropic regularization
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OT on Two Empirical Measures
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Dual regularization, Discrete

W, (p,v) = SUP/¢dﬂ+/¢dV N LC(SO )
() = [ PP TED dudy

K= E _1 @i0g VZZT:lbjéyj
a;+8; —DP(x;,y;)
W, (i, v) = maxa’a+ B b — ’yZazb e~ 7 ;
o,

REGULARIZED DISCRETE DUAL
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Dual regularization, Discrete

W, (p,v) = Sup/cpdu + /?,bdl/ —1o(p, )

P,
(o) =7 [f PP dpdy
K= E _1 @i0g V:Z?:l bjoy;

W, (1,v) = maxala+ B7b —y(a © e K(bo /)

where K = |e 2

REGULARIZED DISCRETE DUAL - - - 1)




Algorithm: Block Coordinate Ascent

W, (p,v) = max ala+B'b—~v(ao et K(be P/

E(a,B)=a’a+B"b—y(a®e®)T K(bo /)

Vo€ =a—a®e*® Kbl

Vgc?:b—b@eﬁM@ KT(aG)ea/”)
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Algorithm: Block Coordinate Ascent

W, (p,v) = max ala+B'b—~v(ao et K(be P/

E(a,B)=a’a+B"b—y(a®e®)T K(bo /)

VaE=a—a®e*" o Kb P
a < —ylog K(b® P/
ngzb—b@@ﬁM@ KT(aQea/V)

3 < v log KT(a@eaM)




Algorithm: Block Coordinate Ascent

W, (e, v) = max afa+pB'b—~vaeeNT K(bo P/

REGULARIZED DISCRETE DUAL
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Algorithm: Block Coordinate Ascent

W, (p,v) = max ala+B'b—~v(ao et K(be P/

REGULARIZED DISCRETE DUAL
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Algorithm: Block Coordinate Ascent

W, (,v) = maxala + 676~ 1(a © /)T K(bo )

def
(u,v) =(a e"‘/W b 65/7)

a <+ —ylog K(b® Py |us v

B+ —vlog K'(a®e*)| |V
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Entropic Regularization [Wilson’62]

Def. Regularized Wasserstein, v > 0

def : T
W (1, 1) % P.M KL (P b )
(1, v) pé%,b>< Xy )+7 |a

KL, (PHabT) — E(a) + E(b) — E(P)

Note: Unique optimal solution because of strong concavity ot Entropy
18




Entropic Regularization [Wilson’62]

Def. Regularized Wasserstein, v > 0

det

W) i

(P, Mxy )+7KL (P|ab)

v

JA\

JA\

JA\

J
iz P,

\

\

>

Note: Unique optimal solution because of strong concavity ot Entropy
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Fast & Scalable Algorithm

det

Prop. If P, = argmin (P, Mxy )—vE(P)

then -

lu € R,

PcU (a,b)
v € R, such that

P, = diag(u)Kdiag(v), K e~ Mxy /v

19




Fast & Scalable Algorithm

Prop. If P, = argmin (P, Mxy )—~vFE(P)

PcU (a,b)
then Jlu € R, v € R, such that

P, = diag(u)Kdiag(v), K e~ Mxy /v

,C(P,Ck,ﬁ) — ZPZ]MZJ -+ ’)/PZ](IOgPZ] — lOg(CLibj) — 1) — OéT(P]_ — a) — 5T(PT]_ —
©J
3L/3Pm — Mz’j + v(long — logai — lOg bj) — Xy — Bj

a; My Bi
(8L/8Pm = O) :>P7;j —=a;e”7’ e 7 bje Vo= uy Kijvj
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Fast & Scalable Algorithm

Prop.

then -
P, =

If P, = argmin (P, Mxy )—~vFE(P)

PeU(a,b)
lu € R, v € R, such that

diag(u)Kdiag(v), K T e~ Mxv /7

e [Sinkhorn’64| fixed-point iterations for (Ua U)

u+—a/Kv, v+ b/K'u

X0, (nm) complexity, GPGPU parallel [C13].
-O(nd‘H)if Q={1,... ,n}dand D? separable.

S..C.."15]
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(Application: Barycenters)

e

Convolutional Wasserstein Distances: Efficient
Optimal Transportation on Geometric Domains,

SIGGRAPH’15 [S..C..15] 20
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(Application: Barycenters)
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(Application: Wasserstein Regression)

x

Euclidean Simplex: {23:1 AiDiy A € 23}

Wasserstein Barycentric Coordinates: Histogram
Regressi on using Optimal Transport, SIGGRAPH’16
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(Application: Brain Regression)

Original Euclidean Wasserstein
projection projection
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(Application: Brain Regression)

Original Euclidean Wasserstein
projection projection
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Algorithmic Formulation

Def. For L > 1, define

WL(“’)”) d§f<PL7MXY >7

where P < diag(uy)Kdiag(vr),

def def
Vo = 1m;l Z (),ul — a,/K’Ul,’UH_l — b/KTul.
Prop. %V;/(L, ag[; L can be computed recur-

sively, in O(L) kernel K xvector products.

23




Algorithmic Formulation

Def. For L > 1, define

WL(HH V) déf ﬁYa’T 1Og ur, + VbT 1Og vL,

det det

vo =10 > 0,u; = a/Kvy,vp11 = b/KTul.

oW, oW,

Prop. —=%, - can be computed recur-
sively, in O(L) kernel K xvector products.

24




Algorithmic Formulation

Example: Differentiability w.r.t. a

(8’00>T — 0

8& — YMXn
o sz T Ovy TKT azoa7
Oa Ky Oa (Kvp)?

8’UH_1 Ty:_ 6’11,1 TK yOb |
Oa Oa (K )2
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4. Algorithmic Formulation

Example: Differentiability w.r.t. a

N =Ko Mxy

8UL o 8’01; g T
Vo Wr(p,v) = ( 7 ) Nwvp, + ( 7 ) N*ur,

26




function [d,grad a,grad b,hess a,hess b] = sinkhornObjGradHess(a,b,K,M,niter)

u update = @(v,a) a./(K*v);

v_update = @(u,b) b./(K'*u);

$ DuDa = @(eps,dvda,a,v) (eps./(K*v))- (a./((K*v)."2)).*(K*dvda(eps));

: DvDa = @(eps,duda,b,u) -(b./((X'*u).”2)).*(K'*duda(eps));

: DuDb = @(eps,dvdb,a,v) -(a./((K*v)."2)).*(K*dvdb(eps));

: DvDb = @(eps,dudb,b,u) (eps./(K'*u))-(b./((K'*u).”2)).*(K'*dudb(eps));

DuDat = @(x,dvdat,a,v) bsxfun(@rdivide,x,K*v)... (x./(K*Vv))
-dvdat (K'*( bsxfun(@times,x, (a./((K*v)."2)))));...-dvdat(K'*( (a./((K*v)."2)).*x));

DvDat = @(x,dudat,b,u) -dudat(K*(bsxfun(@times,x,(b./((K'*u)."2))))); ...(b./((K'*u).”2)).*x))

JDuDat= @(x,Jdvdat,dvdat,a,v) -diag((x'*dvdat(K'))'./((K*v)."2)) ...(K*dvda(x))
- Jdvdat(x)*K'*diag(a./((K*v)."2))...
- dvdat(K'* ...
( diag(a.*( (-2*(x'*dvdat(K'))')./((K*v)."3)))+...
diag(x./((K*v)."2)) )); %1

JDvDat = @(x,Jdudat,dudat,b,u) ...
-Jdudat (x) *K*diag(b./((K'*u).”2))...
- dudat(K)* ( ...
diag(b.*( (-2* (x'*dudat(K))')./((K'*u).”3)))) ;...



DuDbt @(x,dvdbt,a,v) -dvdbt(K'*(bsxfun(@times,x,(a./((K*v)."2))))); ...(a./((K*v)."2)).*x));
DvDbt = @(x,dudbt,b,u) bsxfun(@rdivide,x,K'*u) ... (x./(K'*u))...
-dudbt (K*( bsxfun(@times,x,(b./((K'*u).”2)))));...( b./((K'*u)."2)) .*x));

JDvDbt= @Q(x,Jdudbt,dudbt,b,u) -diag((x'*dudbt(K))'./((K'*u).”2)) ... (K'*dudb(x))
- Jdudbt (x)*K*diag(b./((K'*u)."2))...
- dudbt(K)* ( ...
diag(b.*( (-2*(x'*dudbt(K))')./((K'*u).”3)))+...
diag(x./((K'*u).”2)) ) ;

JDuDbt = @(x,Jdvdbt,dvdbt,a,v) ...
-Jdvdbt (x)*K'*diag(a./((K*v)."2))...
- dvdbt(K')* ( ...
diag(a.*( (-2* (x'*dvdbt(K'))')./((K*v)."3)))) ;

28



n=size(a,l);
m=size(b,1);

DVDAT= @(eps) zeros(n,size(eps,2));
DVDBT= @(eps) zeros(m,size(eps,2));

JDVDAT= @(eps) zeros(n,m);
JDVDBT= @(eps) zeros(m,m);

v=ones (m,size(b,2));

for j=l:niter,
u=u_update(v,a);
DUDAT = @(x) DuDat(x,DVDAT,a,v);
DUDBT = @(x) DuDbt(x,DVDBT,a,v);

if nargout>3
JDUDAT = @(x) JDuDat(x,JDVDAT,DVDAT,a,Vv);
JDUDBT = @(x) JDuDbt(x,JDVDBT,DVDBT,a,Vv);
end

v=v_update(u,b);
DVDAT = @(x) DvDat(x,DUDAT,b,u);
DVDBT = @(x) DvDbt(x,DUDBT,b,u);

if nargout>3
JDVDAT = @(x) JDvDat (x,JDUDAT,DUDAT,b,u);
JDVDBT = @(x) JDvDbt (x,JDUDBT,DUDBT,b,u);
end
end



U=K.*M;
d=diag(u'*U*v);

grad a=(DUDAT (U*v)+DVDAT (U' *u));
grad b= (DUDBT (U*v)+DVDBT (U' *u));

if nargout>3
hess a= @(eps) JDUDAT(eps)* (U*v)+DUDAT((eps'*DVDAT(U"')) ')+...
JDVDAT (eps ) * (U' *u)+DVDAT( (eps ' *DUDAT(U))"');
end

30
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D transforms

Wp

p

(1, V)

sup

peLi(pm), el (v)
p(x)+(y)<DP(z,y)

/godqu/?,bdu.
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D transforms

Wp

p

(1, V)

Sup /godqu/?,bdu.
peLi(pm), el (v)
p(z)+p(y)<D*(x,y)

For given ¢, cannot get a better 1 than

P

2

det

) inf D? (2, ) — ().

W (p,v) = SUp / pdp

/goDdI/.

SEMI-DUAL

32



D transforms

W2 (i, v —Sup/godu+/ Pdv.

SEI\/II DUAL

goD(y)dEflnpo (x,y) — @(x).

P77 () = inf D(z,y) - ().

p 1s D concave if d¢ : p = ¢D

33




D transforms

e (y) = inf DP(z,y) — ()

P

77 () = inf DP(z,y) — 7 (y),

p 1s D concave if d¢ : p = ¢D

Wp

p

(1,v) = sup / pdp + / Vdv.

@ 1s ID-concave




Reminder: dual regularization

p — d dv —
W2, v) il?g/so M /¢ v —to(p, )

C={(e,¥)|lp®dtp < D"}

regularizing dual \ / constraints vy > 0

W, (p,v) = il}g/godu T /?,MV —1o(p, )

(e, ) = [[ e PSP dpdy

REGULARIZED DUAL
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Smoothed D transforms

W, (p,v) = il)l};/sodu+/wdv— L (p, 1)

(e, ) = [[ e SV dpdy

W, (p,v) = SUP/soduﬂL/soD”dV-
P

p(x)—D(x,y)P
PP y) = —log [ = du(a

REGULARIZED SEMI-DUAL
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Regularized Semidual Wasserstein

W, (p, v —Sup/sodu+/ Py,

p(x)— D(w y)p
7 (y) = —vlog/

substituting |

REGULARIZED SEMI-DUAL

sup

p(x)—D(x,y)P

/y [ el@)du(z) -0 [ <

e () | du(y)

REGULARIZED SEMI-DUAL

37



Semi-discrete case: Stochastic Opt.

sup
Y

]

: [ el@)du(z) - 1o [ <

e () | du(y)

REGULARIZED SEMI-DUAL
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Semi-discrete case: Stochastic Opt.

sup
P

]

: [ el@)du(z) - 1o [ <

e () | du(y)

REGULARIZED SEMI-DUAL

What if @ is a discrete measure? |, _ s

1= 1a”'/

@ € Li(p) is now just a vector av € R"™!
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Semi-discrete case: Stochastic Opt.

Lp(iD)—D(:B,’y)p

wn [ [ el@hdn@) —tog [ )| vty)

]
REGULARIZED SEMI-DUAL

{?
What if 1 is a discrete measure =" a;,

@ € Li(p) is now just a vector av € R"™!

13(w ,y)P

Ssup / En:azaz vlogz a;| dv(y)

o cR™ 1

— Sup 41,/ [f(a, y)]
o ER™
g STOCHASTIC REGULARIZED SEMI-DUAL




(in Discrete Setting)

sup

: [ el@)du(z) - 1o [ <

e () | du(y)

REGULARIZED SEMI-DUAL
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(in Discrete Setting)

[ p(x)—D(=,y)P )
sup / / o(a)dp(z) — log / EEEREE ()| dv(y).
y LJax T

]
REGULARIZED SEMI-DUAL

What if v i1s also a discrete measure?
=371 a0, v=7)__,bjdy,
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(in Discrete Setting)

[ p(x)—D(=,y)P )
sup / / o(a)dp(z) — log / EEEREE ()| dv(y).
y LJax T

P |
What if v 1s also a discrete measure?
= Z?:l A;0z, vV = Z;nzl bjéyj
D(a: ,y)P
sup E a;a; — v log E a;| dv(y)
aER™

T e
L, sup ala —~vb" log K* (a®e™)
acR™

= REGULARIZED SEMI-DUAL




Minimum Kantorovich Estimators
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Minimum Kantorovich Estimators

n KL(vg.¢4
LI (VdatallPoll)  MLE

191161({)1 W(Vdataapg) MKE
| Bassetti’06]
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In a discrete setting

e Suppose {2 is a discrete, finite space.

W'y (p97 Vdata) — Icrxla,BX<a’p6 > T </37 Vdata > — /7<6a/’y7 Ke,B/’Y >

VoW, = (a_peH)Ta*

* Used for discrete models with very large state
spaces in [IMMC’16].

* Considered for restricted Boltzmann machines,
using stochastic approximation & regularization.

41




In a continuous observation setting

Vdata
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In a continuous observation setting




In a continuous observation setting

Wv (p97 Vdata,)

p——




In a continuous observation setting

W, (pe; Vdata) = max / fdpe +b' 1,

T—

sup
BER™

/

Zﬁg/m v log

— (e el KebM}

Pe

m ,83

_Dp(wayg)

~ 3

1=1

Y

sup

4”299 [h(,@, ZB)]

pe ()
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In a continuous observation setting

W, (pe, Vdata) = max / fdpe +b' 1,

——

sup
BER™

/

Zﬁg/m v log

— (e f/’y KebM)

Po

V‘

fr =

(b)Y = —

sup
BER™

v log —

1=1

e

m _DP(x vy, )
i Z B DW( Yj) pg(w)
J 1 -
o LR(B, )] ||
M b¥—DP(y;,x)

~

42




In a continuous observation setting

W, (pe, Vdata) = max / fdpe +b' 1,

——

sup /
BER™

Zﬁg/m v log

— (e el KebM)

Po

m ,83

_Dp(wayg)

~ 3

1=1

fr=0)"" =z

r|

sup
BER™

43299 [h(,@, ZB)]

Y

pe ()

v log —

T

1=1

e

b*

_Dp(yg 7m)

~

42
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In a generative model setting

Vdata
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In a generative model setting

M

>

latent
space

Vdata
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In a generative model setting

7

fo : latent space — data space

-\ O
latent e

space

Vdata
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In a generative model setting

M

. fo : latent space — data space

latent\

space
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In a generative model setting

M

fo : latent space — data space

latent\

space

MEE

space

win W (vgaa, fosr) ~ GM-MKE  IACB17]
vEe® W-GAN  [BGTSS'17]




Our algorithmic proposal

Approximate regularized W loss by W7y,.

—C/e
). . €
(c(a:z,y]))” ((C@K)bL,aL>
05 — C [— K
— Oy —_ X
NE § § I R o |
| = i xnkK — xmKY
sl soal s B (6)
2, S (+4+1
Generative model Sinkhorn ¢—1.....L—1
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Example: Fitting Ellipses

* k-means problem can be seen as a MKE when
the model = atomic measures with k atoms.

* We generalize by estimating uniform ellipsoid
measures that approximate clouds of points.

(a) Initialization (unit balls, kmeans
centers)

(b) After 3 gradient steps (c) At convergence (15 steps)

45



MNIST, Learning fo

Example
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