Dual Methods

e Set x” = (2%,...,2Y),
o Fork=1,... K
k+1 _ - k+1 Rt
— x; " =argmin f(zy" ..., T,y X
yeR

e,y

source: wikipedia



Dual Methods

e Set x! =

Reminders on Coordinate Descent

o Fork=1,... K

k+1

()

L : k+1 k+1
= argmin f(xy" ,..., 2,1 ,Y,T
yeR

@+1w'° o Ly

source: wikipedia



Dual Methods

Reminders on Coordinate Descent

1 source: wikipedia



Dual Methods

Reminders on Coordinate Descent

1.5 . _f‘(.'l,'. y) — 51’2 . 61’y+5y2’

1.0}

0.5}

-1.0f

“1355 ~1.0 —0.5 0.0 0.5 1.0 1.5

source: wikipedia



Dual Methods

Reminders on Coordinate Descent

3 | flz,y) =z +y|+ 3|y — |

Y
=

source: wikipedia



Dual Methods

Reminders on Coordinate Descent

3 flz,y) =z +y| + 3|y — z|

=~
S
R o
=)
= 0 S
ﬂ‘)
/ 00“/

To ensure success of CD, some progress must be guaranteed.

Separability of the objective function helps.

S ‘ , |

-3 -2 -1 0 1 2 3

source: wikipedia



Dual Methods

o Set 0° = (67,...,6)),
o Fork=1,... . K
— Sample j.
— Compute g; = 9f(0)/00;

= 0 « argmin gjy +;(y) + 5 Iy — 0,1
Ye

2 source: wikipedia



Dual Methods

Coordinate Descent on Primal Problem

o Set 0° = (67,...,6)),
o Fork=1,..., K
— Sample j.
— Compute g; = 9f(0)/00;

= 0 « argmin gjy +;(y) + 5 Iy — 0,1
Ye

Regularizer must be separable.

2 source: wikipedia



Fenchel Duality Theorem

Theorem

Let f:RP — R and g : R? — R be closed convex, and A € RZ*P g linear
map. Suppose that either condition (a) or (b) is satisfied. Then

inf f(zx)+ g(Az) = sup —f*(A"y) — g*(—y)

xERP yeRq

if ¢ differentiable,
= Vo (=X u* /n)




Losses

Name Loss Z;(z) Conjugate loss £f (1)
; -1 <yu<0
i —_— ). f* —_— ylu’ —_ W =YV
Hinge max{0, 1 — y;z} *(u) { too.  otherwise
oy 4+ oy <
Square hinge | max{0, 1 — y;z}? ¥ (u) = {y,u T s O.’
+00, otherwise
Linearor1 | |y; — 2] ci(u) = { v, —l<yu<l,
' : +00, otherwise
)
Squareor12 | (y; — z)? £*(u) = yu + "
Insensitive 11 | max{O0, |y; — z| — €}.
— — 1 <vy<
Logistic log(1 + ¢7%%) £*(u) = { (1 + u)log(1 + u) — ulog(—u), 1 < yith < 0,
+00, otherwise

4
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SDCA

Problem: infyern + Y., 1¥(u;) + * (=X u/n)

e Fort=1,2,...,,

— Pick i € {1,...,n} uniformly at random.

— Update dual u; so that objective decreases.

Use primal-dual relationship to recover 6.

0* = Vy*(— X1 u*/n)




SDCA

Problem: infy,ern = > 15 (u;) + ¢* (= X7
e Fort=1,2,...,,

— Pick ¢ € {1,...,n} uniformly at random.

— Update dual u; so that objective increases:

1 5
ul Eargglelﬁﬁl( w)+1) (— (XiTU—FXT —z) /n) —nHu ug |

Use primal-dual relationship to recover 6.




SDCA

Problem: infyern + >, I (u;) + ¢* (— X1 u)

Fort=1,2,...,
e Compute 01 = Vyo* (=X ut~1/n)

— Pick 2 € {1,...,n} uniformly at random.

— Update dual u; so that objective increases:

1 1
u,; € min —[; (uw) + (0", X;u) + —||lu — u,
1 a’rg Ean’L( ) < > 277H 1 H




A Concrete Example: SDCA/SVM

1 n
E(w) = %HWHZ + - Z Z:({w,X)).
i=1

1 1 «
D(@) = — a' X' Xa+ - ) —*(—aq;
@ =-—— - 2:, “(—a;)
1 « 1
W(a)= A—HZXiai — ll—nXa

=1

8 http://www.vlfeat.org/api/svm-sdca.html
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SDCA, SVM ascent

1 - Xa |
X, /I_ntAaq — ;f}",(—aq - Aa,)

]
D(a; + e, Aa,) = const. — 2 )(;Ir!'(q(Aaq)2 -

n

Xa; N 1 A
W; = o Wil — Wy —X, € a,.
AN An 11

9 http://www.vlfeat.org/api/svm-sdca.html
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SDCA, SVM ascent

1
2/n?

1 + X 1
x;lr (Aa q) ——xq ﬂA(ch——z/”*(—aq Aay)

D(a; + e, Aa,) = const. —

D(a,+quaq)oc—%(Aa) — BAa, — Cj(—a, — Aa,),
1 - 1

A=— NTTE
T XgXg = 1%, 117,
Xa
B=x!"t=x'w,.
Xg T Xg W;
Xa; 1
W; = o Wil — Wy —+ _quqAaq.

An AN

9 http://www.vlfeat.org/api/svm-sdca.html
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SDCA, SVM ascent, hinge

§ you, —1=<y,u<0,
q(u) — .
+00, otherwise.

Setting derivative to O

Aa, =y, max{0, min{ l,yq(A}q +ay)t} —a,.

10 http://www.vlfeat.org/api/svm-sdca.html
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Primal Methods

min — E l
OcRP N

We want to approximate V+ Y " | 1,(0)

12



Primal Methods

We want to approximate V+ Y

.

“3~unif{1

ooooo

min — E l
OcRP N

4=

12

1 1i(0)



Primal Methods

We want to approximate V+ Y

.

“3~unif{1

ooooo

min — E l
OcRP N

&”m@

4=

1 1i(0)
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Distributed Computations

OO0~
‘ ’ ‘ ‘ @, 7 2 k=1 LK
OO0

source: T. Suzuki



Distributed Computations

Theorem ((Zhang et al., 2013))

With an appropriate step size,

pre w21 < o 6 L
[[[%x — x*|] < KT)\2 ' T3/2)°

A e (0,1/VT) Ellsx — x> 5=

14 source: T. Suzuki



Distributed Computations

Assumptions

Loss is sufficiently smooth, convex, each node runs T
iterations of SGD.

Theorem ((Zhang et al., 2013))

With an appropriate step size,

. - G* 1
Bl —x*IP1 < C( sz + 7372 ) -

K improves performance linearly.

C

One can show however that if X € (0,1/v/T) E[l|%« —x*[°] > 2T

14 source: T. Suzuki



Distributed Primal Methods

15



Distributed Primal Methods

min — L ( n
HERP n Z

15



Distributed Primal Methods

| TLQ

/

1 1
! n — S, in — 5" 4(0) min — S 14(6)
in — 1.(6 min — [;(6)  min Z 5 ¥
it 2O s 2 LO) s e ey

1€13 €14

16



Distributed Primal Methods

100% Parallel %

/

12 12 IZ
° . II:H . _ ie ° _ 7:9
6?61%1{}’712 1:(6) ﬁ%ns 1:(6) grel%é}’ml l:(6)

1€lo 1€13 1€14

17



Distributed Primal Methods

100% Parallel %

/

12 12 IZ
° . ,l:H . _ ie ° _ 7:9
5161%}’712 1:(6) ﬁ%ns 1:(6) £%}°n4 l:(6)

1€lo 1€13 1€14




Distributed Primal Methods

Only gradient
parallel

=E8

1 1 .1 .1
in — (6 min — [;(0 min — [;(O min — [;(O
OHEI%RI%’ 1 262131 ( ) OER?P N9 'LEZ.Tz ( ) OcR? Nng Z ( ) OERP Ny Z'EZL; ( )

1€13

V1(6p) Va2(0o) V3(0g) V4(0p)

18



Distributed Primal Methods

Only gradient
parallel

s

1 1 .1 .1
in — (6 min — [;(0 min — [;(O min — [; (O
OHE%RI}D 1 262131 ( ) OER?P N9 'LEZ.Tz ( ) OcR? Nng Z ( ) OERP Ny z'EZI4 ( )

1€13

Vi(fo)  V2(60) V3(6o) Va(6o)

n
n

A [ ]
. [
. n

. n

....
....
0

n

18



Distributed Primal Methods

Only gradient
parallel

1
min — [; (0
0cRP Nq 262131 ( )

18



Distributed Primal Methods

Only gradient

T2
parallel w

/

1 1 1 1
min = > L(6)  min o= ) L(O) minoe) L(O) min o) ()

€14 tels 1€l3 1€14

01 =V(6o) — pV(6o)

Communication cost!!!
How can we incorporate regularizer?
18



ADMM & Splitting Methods

N 1 N
i ) (njzl >) = 2in 2 50

52%’ Z /3(0) = melﬁ CRP Z /(@

J=1 91_92: =0 I



ADMM & Splitting Methods




ADMM & Splitting Methods

The generic splitting problem we will address:

N

| B

o, min_ ) fi(65) +9(p)
p:91:92:...:9N J:]_

20



ADMM & Splitting Methods




ADMM & Splitting Methods

repeat for t =0,....,7T

. T
/ 04+ = argmin f1(6) + 210 — p' + ul |
v,

0

pt! = argmin(0) + (N7/2)[0 — 6" — @t
0

utt=ul + 07 —pt i< N

(/

. T
\ 0 = angmin fv(6) + 20— p' + uly

21



COCOA: A Dual Approach

k=1

Divided into K groups needs synchronization

22 source: T. Suzuki



COCOA: A Dual Approach

Samples divided into subsets . _ L) Ge» Gk G =0,
k=1
1 < ., AR
D(y) == Z £ (yi) + 4 —;Ay
i=1
1 o 1 o
23 (T o) (-1 Aav)
k=1 IGG/( k=1

Divided into K groups needs synchronization

22 source: T. Suzuki



COCOA: Ex. Quadratic Reg.
min {P(w) = %waH2 + % i&-(mei) }

wERd

max [D(a) = —%HA&HQ — %i@(_&i) }

oacR™

Algorithm 1: COCOA: Communication-Efficient Distributed Dual Coordinate Ascent

Input: 7" > 1, scaling parameter 1 < S < K (default: B :=1).

Data: {(x;, yz) , distributed over K machines

Initialize: afk]) < O for all machines &, and w(?) « 0

for t =1,2,...,T
for all machines k = 1,2, ..., K in parallel
(Aatyy, Awy) < LOCALDUALMETHOD(cr\l ) (= 1)

(k)
(t) (t—1) | Bk
[k] — X [ ] -+ Aa[ k]

end
reduce w) + w1 4 LK S Awy,

end

23



COCOA: Ex. Quadratic Reg.

Procedure A: LOCALDUALMETHOD: Dual algorithm for prob. (2) on a single coordinate block &

Input: Local ap,; € R™*, and w € R9 consistent with other coordinate blocks of a s.t. w = A
Data: Local {(x;, y;)}.*,
Output: Aay,) and Aw = ApyAag

Procedure B: LOCALSDCA: SDCA iterations for problem (2) on a single coordinate block £
Input: H > 1, ap,) € R™, and w € R? consistent with other coordinate blocks of « s.t. w = A«
Data: Local {(x;, y;) } %,

Initialize: w(®) «— w, Aap < 0 € R

forh=1,2,... H

choose v € {1,2,...,ny} uniformly at random

find Ao maximizing —22||w" ™ + L Aaz;||* — €( - (agh_l) + Aa))

oz,gh) — oz,gh_l) + A«

w) «— wh—1) ¢ )\—]hAoz €T;

end
Output: Aa[k] and Aw = A[k]Aa[k]

24



COCOA

Run smlallllI coord. desc. Run smlelallI coord. desc.
in paralle in paralle
P Sum up the results P

(synchronization)

K
Zk:lAGk; YGy, 1

25









Moore’s Law

“The complexity for minimum component costs
has increased at a rate of roughly a factor of
two per year. Certainly over the short term this
rate can be expected to continue”
Gordon Moore (Intel), 1965

“OK, maybe a factor of two every two years.”
Gordon Moore (Intel), 1975 [paraphrased]

27



Moore’s Law

Transistors
(thousands)

| Single-Thread
Performance
(SpecINT x 103)

Frequency (MHz)

Typical Power
(Watts)

Number of
Logical Cores

\ £ ! : ]
S T T T -

; | i i
1970 1980 1990 2000 2010 2020
Year

Original data up to the year 2010 collected and plotted by M. Horowitz, F. Labonte, O. Shacham, K. Olukotun, L. Hammond, and C. Batten
New plot and data collected for 2010-2015 by K. Rupp

28



Solution: GPU

used to be a small piece of hardware. ..

GPU = Graphics Processing Unit

29



Solution: GPU

... plugged into computer, with video output...

-~
.....
e

[

: . ‘ »5.,‘ .',\
> 7 a ; . - v
\",f a ;ﬁ ~v’ .
P ‘ =
\ . ¥ N S o of
& e -
r ' \ ~$ @ : \\\ =, '
; o dd.
o y @ e
.

30



Solution: GPU

...of interest to gamers and video editors.

31



Graphics

SN\ /
\ & \ b |
a  Abem) (Almmi
X : } ’(/
= /
& < ﬁ 4 ‘ \




Graphics

vertex array framebuffer

10

20 30 O O B
40

50 60 O (o}
70 O

vertex shader triangle assembly rasterization fragment shader testing and blending
{1, 2, 3}
{3, 2,4}
{4,2,7})
{7,.2,5}
element array uniform state

33



3D Rendering

Rendered with V-Ray Advanced CPU

3.4 GHz 8 core Intel® Xeon®
Image Quality = 11.35
Render Time = 19 minutes 11 seconds

34



3D Rendering

Rendered with V-Ray RT GPU

High-end NVIDIA GPU with 2688 CUDA cores
Image Quality = 11.35
Render Time = 3 minutes 4 seconds

35



What are GPUs

Definition: GPU

A programmable logic chip (processor) specialized
for display functions. The GPU renders images,
animations and video for the computer's screen.
GPUs are located on plug-in cards, in a chipset on
the motherboard or in the same chip as the CPU.

A GPU performs parallel operations. Although it
is used for 2D data as well as for zooming and
panning the screen, a GPU is essential for smooth
decoding and rendering of 3D animations.

36



What are GPGPUs

Definition: GPGPU

Using a GPU for general-purpose (GP) parallel
processing applications rather than rendering
images tor the screen.

For fast results, applications such as sorting, matrix
algebra, image processing and physical modeling
require multiple sets of data to be processed in
parallel.

37



At very basic level...

CPU RAM

DDR4

Motherboard

PCle

38

GPU RAM

GDDR5

GPU




In the real world

BT BOET N © S

1 GPUS 1L GPU2 1) GPULL 1. GPUC ' »
“
“ i

4 ..,,..;a_;n.

e -
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In the real world

40



CPU

Single Instructions, Multiple Data (SIMD)

large data-caching — REN
large tlow control units
few Arithmetic Logical Units S

(ALU, cores), but fast _

Example: Intel Xeon E5-2670 CPU _

8 cores (16 threads)
2.6 GHz

2.3 billion transistors
20 MB on chip cache
Flexible DRAM size

41



GPU

Single Instructions, Multiple Threads (SIMT)
small cache, control flow

Many ALUs (cores), slow.
Highly parallel.

Example: Kepler K20x GPU
2688 (14 x 192) cores
0.73 GH:z

28nm features
7.1 billion transistors

1.5 MB on-chip L2 cache
Only 6GB on chip memory

=
o
-
-
=
-
o
-

42



GPU vs. CPU




GPU vs. CPU




GPU Example: Kepler

PCI Express 3.0 Host Interface

Dispatch Dispatch Dispatch Dispatch Dispatch Dispatch Dispatch Dispatch
L e + + 4 L 8 8 4

————ge——— L kT L ——e——————————— e e—— e ——— Register File (65,536 x 32-bit)
4+ S E 3 E 3 +

LoisT SFU Core

o
H

SFU Core
SFU

SFU LO/ST

Jajjonuon Aowap
Jajjonuon Alowapy

SFU LDVST

,.
2
“w
=

SFU

LoisT  SFU

LoieT  SFU

LoisT  SFU

SFU

Jajjonuon Aoway
Jajjonuon Alowapw
5
5

,.
-]
@
- |

LOVST

LDIST

1
Core
Core
Core
Core
Core
Core
Core
Core
Core
Core
Core
Core
Core
Core
Core
Core

§ 31 15 N K1 I I 0 I R X I D O
A EN NS B -
dirfrittrirrrrirr
IRRREENEREEEREEER

B IERANE N REEE

LOYST

Jojjonuon Aowapy
Jajjonuon fowap

SMX: 192 single-precision CUDA cores, 64 double-precision units, 32 special function units (SFU), and 32 load/store units
(LD/ST).

Set of 14~15 SIMD Streaming Multiprocessors (SMX)
Each Multiprocessor has 192 cores, 64k L1 Cache.
Each SMX can handle up to 2000 threads.
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GPU Example: Kepler

SMX
Warp Scheduler Warp Scheduler Warp Scheduler Warp Scheduler

Dispatch Dispatch Dispatch Dispatch Dispatch Dispatch Dispatch Dispatch
£ £ 3 £ £ R 3 & P s 4

Register File (65,536 x 32-bit)

f 8 i E- f 8 i F 8 A B & 4+ 4 4 & R 4 &
Core Core - Core Core Core - LoisT SFU Core Core Core - Core Core

ok

Core Core - Core Core - LoisT SFU Core Core - Core Core Core -
Core - LoisT SFU Core Core -

LoisT SFU Core Core -
SFU Core -
12 x 16=192 cores =
32 Special Function Units

32 Load/Store Units
64 Double Precision Units

c SFU
C SFU
SFU

"B
64

Core

One SMX -

SFU

e
L]
a]1:]
L]
e
ore
are

c
C
C SFU
SFU

Core

Core SFU

64k shared memory

Core

SFU

SMX: 192 single-precision CUDA cores, 64 double-precision units, 32 special function units (SFU), and 32 load/store units
4; (LD/ST).
v



GPU

Transistors

CUDA Cores

Double Precision Floating
Point Capability

Single Precision Floating
Point Capability

Special Function Units
(SFUs) / SM

Warp schedulers (per SM)
Shared Memory (per SM)

L1 Cache (per SM)

L2 Cache
ECC Memory Support
Concurrent Kernels

Load/Store Address Width

681 million 1.4 billion 3.0 billion 7.0 billion
128 240 512 @ 1.15 GHz 2688 @ 0.73 GHz
None 30 FMA ops / clock | 256 FMA ops /clock 1344 FMA ops/clock.
128 MAD 240 MAD ops / 512 FMA ops /clock 2688 FMA ops/clock
ops/clock clock
2 2 4 32
1 1 2 2
16 KB 16 KB Configurable 48 KB or | Configurable 48 KB, 16
16 KB KB or 32 KB
None None Configurable 16 KB or | Configurable 48 KB, 16
48 KB KB or 32 KB
None None 768 KB 1.5 MB
No No Yes Yes
No No Up to 16 Up to 32 + Dyn. Parallel
32-bit 32-bit 64-bit 64-Dbit

46



GPU

Because GPUs were designed to apply the same shading
function to many pixels simultaneously, GPUs can be used to
apply the same simple function to many data points
simultaneously

How simple?
Essentially, matrix algebra and
special functions on each element
(exp, log, sin etc...)

47



How fast?

FLOPs per Clock Cycle

Theoretical Peak Floating Point Operations per Clock Cycle, Double Precision

-t
o
w

<
T A

—h
o
N
1
'
'
'
'
'
'
'
'
'
'
'
'
-
'
'
'
'
'
'
'
'
'
'
'
'
'
'
4
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'

: Q
X : Q !
. ) \L&Q \(\&Q .\/\‘79
: \ \@ N
o 6910 69’10 «eeﬂ‘.r‘ <e° Q(\Q '
P P AR Ch e o0 - - xS R

1 N
0%9 Xeon Phi 7120 (KNC)

----------------------------

& :
: INTEL Xeon CPUs =—dle=—
NVIDIA Tesla GPUs =l
D 2 £ N : AMD Radeon GPUs ——{)—
¥ a o : INTEL Xeon Phis =t
10’ b 19} W 1 1 1 f
2008 2010 2012 2014 2016

End of Year



Crucial for Deep Learning

SN
w, | ."’P\a-
ANZNN
~ il A

9
NN

(Y
LD
G

AT
S

K
3

BH
MDD

X7
)0
Y

A 5

LN
4
20
A
OO0

% ‘rﬁgfﬂ.

O]

=
()
X

Multilayer Neural Networks only use element wise
operations (hinge, softmax, tanh, sigmoid) and matrix
products, exactly those operations that GPU are good for.
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A more concrete Math Problem.

Optimal Assignment Problem

50



A more concrete Math Problem.

Optimal Assignment Problem




Optimal Assignment Problem

OA(p,v) = min C(o)

ocsS,

Mxy = |D(xi,y;)"]i;

Py = [lﬂi:j/n]i,j

51



Optimal Assignment Problem

min C'(o) = min (P,, Mxy)
occS., occES,

1
B = {P c RV P1=P'1= —}

n

CUXOJJU)::iigyJDVNLKY»
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Optimal Assignment

53



Optimal Assignment

Hungarian Algorithm
used in practice. '

53




Solving OA using Matrix Products

OAW(M,I/) — gl <P Mxy> ’VE(P)

I
B

def =
E(P)= — ) Pij(log P;)

2, =1
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Solving OA using Matrix Products

OAy(k,v) = min (P, Mxy) — yE(P)

I
B

def -
E(P)= — »  Pi(log Py)

2, =1

L(P,o,8) = P;iM;; +vPijlog Py + o' (P1—1/n) + 87 (P"1 - 1/n)
i
5’L/8Pw - Mij —+ v(log Pzg —+ 1) + o + 53

o 1 My By
(OL/OP;; =0) =PF;; =e 7+26 Y e’v+2:uz Kiv;
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Solving OA using Matrix Products

Hungarian Algorithm

Cubic complexity

rPeB

OA.(p,v) = min(P, Mxy) — yE(P)

P*=D(u)KD(v);u

55







Extremely Complex Architectures

Example
LSTM

recurrent

NN

fi = Ug(WfCEt -1- Ufht_1 + bf)

it = 0g(Wizy + Uihi—1 + b;)

or = 0g(Wozxy + Ushi—1 + b,)

ct = froci—1 +ig oo (Wexy +Uchy—1 + be)
hiy = o; o op(cyt)
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Automatic Differentiation

Automatic differentiation:

set of techniques to numerically evaluate the derivative of a
function specified by a computer program.

Automatic differentiation is not
numerical differentiation

V= (ﬁ 6_f) 0f(x) _ f(x+ he;) — f(x)

Ox1’ """ Oxp, Oz; ~ 5
symbolic differentiation
d d d
- (f(x) +g(x)) ~ —f(@) + ——g(z)

% (f(x)gl(z)) ~ (%f(x)) g(z) + f(z) (%g(w)) -

58



Automatic Differentiation

———

[1 =x

Iy +1 = 4l (1 — 1)

f(x) =14 =64z(1 — z)(1 — 22)?(1 — 8x + 8x2)?

Source: Automatic differentiation in machine learning, a survey, Baydin et. al, 2015
59



Automatic Differentiation

f'(x) = 128z(1—z)(—8+16x)(1 —2x)%(1 — 8z +8x%) +
by +1 =4l (1 1) 64(1 . fIJ)(]. _ 226)2(1 — & + 8§U2)2 — 643}(1 — 23’;)2(1 _

e =tmont ot Manaat” 8z + 8x2)2 — 256x(1 — x)(1 — 2z)(1 — 8x + 8x2)?

Source: Automatic differentiation in machine learning, a survey, Baydin et. al, 2015
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Automatic Differentiation

lh==x
In+1=4,(1-1y)

f'(x) = 1282(1 —z)(—8+16z) (1 —2x)2 (1 — 8z +8x2) +
64(1 — z)(1 — 22)%(1 — 8z + 822)2 — 64x(1 — 22)2%(1 —
8z + 822)? — 256x(1 — z)(1 — 2x)(1 — 8z + 8x2)?

Manual
Differentiation

f(x) =14 = 64x(1 — z)(1 — 2x)%(1 — 8z + 8x2)2

\ 4

f°(x):
return 128x(1 - x)(-8 + 16 x) (1 - 2

x)"2 (1 -8x+8x72)+64 (1 -x)(1
-2x)"2(1-8x+8x"2)"2 -64x(1 -
2x)"2(1-8x+8x"2)"2 - 256x(1 -
x)(1-2x)(1-8x+8x72)"2

£2(x0) = f'(x0)
Exact

Source: Automatic differentiation in machine learning, a survey, Baydin et. al, 2015
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Automatic Differentiation

lh==x

I 1 = i (1 L) f'(@) = 1282(1—2)(~8+162)(1 - 22)(1 -8z +82%) +
" " " v 1 64(1 —2)(1 — 22)2(1 — 8z + 822)2 — 64x(1 — 2x)2(1 —

anua 2\2 _ _ _ 2\2
F(2) = L = 642(1 — 2)(1 — 22)2(1 — 8z + 822)2 } Differentistion 8 + 8x) 256x(1 — z)(1 — 2z)(1 — 8z + 8z°)

Coding

£ (x):
return 128x(1 - x) (-8 + 16 x)(1 - 2

x)72 (1-8x+8x"2)+64 (1-x)1
=2x)°2 (1 -8x+8x72)"2 - 64x(1 -

L 8 x +8x72)"2 - 256x(1 -
v (1-8x+8x"2)"2
f(x):

£2(x0) = f(x0)
V=X Exact
fori=1to3

v=4v(1l - v)

return v

or, in closed-form,

f(x):
return 64x (1-x) (1-2x)°2 (1-8x+8x"2)"2

Source: Automatic differentiation in machine learning, a survey, Baydin et. al, 2015
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Automatic Differentiation

" (1) f/(x) = 1282(1 —z)(—8+16x) (1 —22)%(1 — 8z +8z2) +
" " " v 1 64(1 —2)(1 — 22)2(1 — 8z + 822)2 — 64x(1 — 2x)2(1 —
anua 2)2 — 256x(1 — z)(1 — 2z)(1 — 2)2
F(x) = 1y = 642(1 — z)(1 — 22)(1 — 8z + 822)? Differentiation 8z + 827)* — 2562(1 — z)(1 — 22)(1 — 8z + 827
Coding
v
f(x): £9(x) :
jf’:X. - 1to3 return 128x(1 - x) (-8 + 16 x) (1 - 2
o o x)"2 (1 - 8x+8x"2) +64 (1-x) 1
return v -2x)"2 (1 -8x+8x"2)"2 - 64x(1 -
> 2x)°2 (1 -8x+8x"°2)"2 - 256x(1 -
or, in closed-form, Symbolic x)(1-2x)(1-8x+8x"2)"2
Differentiation £ (x0) = F/(;
£(x): of the Closed-form x0) = f'(x0)
return 64x (1-x) (1-2x)°2 (1-8x+8x72) "2 Exact
Automatic
Differentiation
f2(x):

(v,v?) = (x,1)
fori=1to3

(v,v’) = (4v(1-v), 4v’-8vv’)
return (v,v’)

£2(x0) = f'(0)

Exact
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Automatic Differentiation

51 jf: Al (1 — 1) f'(z) = 128z(1—z)(—8+16z)(1—2x)?(1 —8z+8z2) +
" " " v 1 64(1 —2)(1 — 22)2(1 — 8z + 822)2 — 64x(1 — 2x)2(1 —
anua 22_2 1 — 1—292 1— 2\2
F(x) = Iy = 64z(1 — 2)(1 — 22)2(1 — 8z + 822)2 Differentiation 8z + 8x%)% — 256z (1 — x)(1 — 2x)(1 — 8z + 8z%)
Coding
v
f(x): £ (x):
ff’=X. 1to3 return 128x(1 - x) (-8 + 16 x) (1 - 2
o o x)°2 (1-8x+8x72) +64 (1-x1
return v -2x)"2(1-8x+8x"2)"2 - 64x(1 -
> 2x)"2 (1 -8x+8x72)"2 - 256x(1 -
or, in closed-form, Symbolic x)(1-2x)(1-8x+8x"2)"2
Differentiation £ (xa) = F'(:
(0 of the Closed-form x0) = f(20)
return 64x (1-x) (1-2x) "2 (1-8x+8x"2) "2 Exact
Automatic
Differentiation Numerical
Differentiation
r___
v
f’ (X): f ) (X) .
(v,v’) = (x,1) :
fori=1to3 A return (f(x+h) - f(x)) /h
(v,v’) = (4v(1-v), 4v’-8vv’)
return (v,v’)
~ £/
,, £ (x0) = f' (o)
£’ (xq) = f (:1?()) A . t
Exact pproximate

64



Automatic Differentiation

51 jf: Al (1 — 1) f'(z) = 128z(1—x)(—8+16x)(1—2z)%(1—8x+8x2) +
" " " v 1 64(1 —2)(1 — 22)2(1 — 8z + 822)2 — 64x(1 — 2x)2(1 —
anua 22_2 1 — 1—292 1— 2\2
F(x) = 1y = 642(1 — 2)(1 — 22)2(1 — 8z + 8a2)2 Differentiation 8x 4 8x7) 562(1 — )(1 — 2z)(1 — 8z + 8z*)
Coding
f(x): v
XV _ x £2(x):
fori=1to 3 return 128x(1 - x) (-8 + 16 x)(1 - 2
D x)°2 (1-8x+8x72) +64 (1-x1
return v -2x)"2 (1 -8x+8x"2)"2 - 64x(1 -
'Y 2x)"2 (1 -8x+8x72)"2 - 256x(1 -
or, in closed-form, Symbolic x)(1-2x)(1-8x+8x72)"2
0 fDiﬂ?ez‘jen‘ciauti;)n £ (x0) = f'(z0)
*): of the Closed-form —J &
return 64x (1-x) (1-2x)"2 (1-8x+8x72)"2 Exact
Automatic Numerical
. . . Differentiation
Differentiation
£ (x): v £2(x):

return (f(x +h) - £(x)) / h
(v,v?) = (x,1)

fori=1to3 ) .
(V,V’) = (4V(1_V) s 4V,_8VV’) f (}io) f\/ ’]L (l())
return (v,v’) Approximate

£7(x0) = f'(z0)

Exact
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Automatic Differentiation

[ d%}ln d%}ln (Optimized)

T 1 1

4x(1 — x) 4(1 — x) — 4z 4 — 8x

16z(1 — 2)(1 — 2x)? 16(1 —x)(1 —22)? — 16x2(1 —  16(1 — 10z + 2422 — 162°)
21)% — 64x(1 — z)(1 — 2x)

64z(1 — z)(1 — 2z)? 128z(1 — z)(—8 + 16x)(1 — 64(1—42x+504z2% —2640x> +

(1 — 8x + 8x2)? 22)2(1 — 8z + 822) + 64(1 —  7040z* — 9984x° + 7168x° —

r)(1—2x)%(1 — 8z + 8x2)% —  2048zx")
64x(1 —2x)% (1 — 8z +8x2)? —

256x(1 — x)(1 — 2z)(1 — 8x +

851?2)2
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Automatic Differentiation

Computer code for f(x1,x2) = xyx2 + sin(x;y) might read

Original program

Wi = X1
Wo — Xo
w3 — WiWo

ws = sin(w)
Ws = W3 + Wa

and

The chain rule

of _
8x2 B

Dual program

wy; = 0

wy = 1

w3 = wiwot+twiwr =0-x+x1-1=x4
Ws = cos(wy)wy = cos(x1) -0 =0

ws =ws+ws =x1+0=xg

X1

of Ows 0wz Ows

Oxo  Ows Ows Ows Oxo

ensures that we can propagate the dual components throughout

the computation.
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Automatic Differentiation

f(x1,x2)
W5 = W3 + Wy

c
Sy
o S
b0 "o
T >
Q q) " " N
O > W3 = WiW2 + WiWwp
| @ I

Q)
5

)
S o
L5 > seeds, wi, W € {0,1}

Jdy _ Oy Ow; __ Oy Owyi Ows \ __ 0Oy Oowi [ Owso Ows _
Or  Owi; Ox Owi \ OQws Ox  OJwi \ Qwo \ Ows Oz o

68 Source: Havard Berland, NTNU



Automatic Differentiation

-
O
-IC—’UU)

(D)

b S

S_m

9>

o S
T

M~ (0

T >

< ‘T
X Q

%'O

G
M o

Or  Owi Ox Ows Ows | Owq or —
69 Source: Havard Berland, NTNU
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Automatic Differentiation

Given F: R" — R™ and the Jacobian J = DF(x) € R™*",

Cof, of

Ox1 N

Ofm
OXn

Backward sweep can compute

one column
Forward sweep can compute

one column

70 Source: Havard Berland, NTNU



Automatic Differentiation

Reverse mode suitable tor F' : RP — R

¥ ’
0 0

Forward mode suitable for F' : R — IRP

D&(ﬂ
AN

F:R%— RP ? %}%?

71 Source: Havard Berland, NTNU




