(Gradient Descent

min, f(x)

(Gradient descent

Differentiable f :

Lt = Lt—1 — Utvf(%f—l)

Subgradient method

Subdifferentiable f : g; € Of(x¢_1)

Ty = Tt—1 — MGy



Proximal Point Algorithm

Subgradient Method : Equivalent formulation
Subdifferentiable f : g, € Of(x:_1)

T: = argmin {(:L’,gt>

Proximal Point Algorithm
Subdifferentiable f

Ty = arg m:gn {f(x)




Proximal Point Algorithm

min, f(z) + ()

Proximal Gradient Descent

Subdifferentiable f : g; € Of(x¢_1)

T+ = arg min <
xr

= arg min ¢ NP () +

X

:pl“OX(ZUt—l — ﬁtgt\ﬁtw)




Proximal Operator: L1
ming f(z) + ¢ ()

L; Regularization : ¢ (x) = Cllz||1 = C ). |z

prox(u | C|[ - [}1) = | STc(us)

ST a|u-
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Proximal Operator: trace norm

miny f(X) + ¥ (X)

Trace Norm Regularization : ¢(X) = C||X|[¢ = C )_; 0;(X)

STc(o1(Y)) 0
prox(Yle| - fler) = U

0 | STc(oq(Y))

where Y = U)XV



Convergence of Proximal GD

miny f(X) + ¥ (X)

r; = prox(xs_1 — 1n:g¢|net))

property of f

1-Strongly convex

non-strongly conv

~v-Smooth

Non-smooth

exp (—tﬁ)
B
1
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Nesterov’s Acceleration

miny f(X) + ¥ (X)

Nesterov Accelerated Gradient

f ~v-smooth. Set s =1 and 1 = % Set
yo. lterate:

e g: € 0f(yr)

o 1; = prox(y: — Ng:|MY)

14++/14+452
o sopy = LEVIEES

a.k.a
FISTA

® Y = Tt




Nesterov’s Acceleration

f v-smooth. Set s1 = 1 and 1 = % Set

Yo. Iterate: * Z/VHth — " ||
e g+ € 0f(yt) fl@) = J(@7) <

t2
e 1y = prox(y: — ngs|nY)
14++/1+445s2 yt—l_l

® St41 = 5
Accelerate

St—l
St+1

® Y =Tt T (xt — x4—1)

Yt

Accelerate

8 source: T. Suzuki



Nesterov’s Acceleration

ming % > 00z —yi)? 4+ N0

—Normal
——Nesterov

2,
|

Relative objective (f(y - f )

60
lteration
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Stochastic Gradient

We want to minimize

min L(0) := Elle(Z)

Due to practical constraints, samples only come one
by one, each at a time t, and cannot be stored. Only
previous parameter is stored. We use a double
approximation

(0, 2)] =~ 1(0, z)
l(6’t_1, Zt) + <Vl(6)t_1, Zt), 9>
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Stochastic Gradient

To approximate the minimization of

in E[lg(Z
min Elle(Z)

we use the approximated problem, only valid around the
previous literate

1
0; := arg min (VI(0;_1,2:),0 )

| —
min 5161 6l
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SG (no regularization)

min L(0) := Elle(Z)

Stochastic Gradient Method (regularization)
Set 6y and sequence 1. Repeat:
Sample z; ~ P(Z).
Compute subgradient g; € 0yl (0, z¢)
Update 0; = 0,1 — 119y

Output : 07 = T+1 Zt 00
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SG (regularization)

We want to minimize now:

min Ly(6) := Elle(Z)] + (6)

Stochastic Gradient Method (regularization)

Set 6y and sequence 7. Repeat:
Sample z; ~ P(Z).
Compute subgradient g; € 0yl (0, z¢)

Update 0; = prox(0:—1 — neg: | n:)

A T
Output : Op = T+L1 > 1o O




Polynomial Averaging

Stochastic Gradient Method (regularization)

Set 6y and sequence 7. Repeat:
Sample z; ~ P(Z).
Compute subgradient g; € 0yl (0, z¢)

Update 6; = prox(6;_1 — m:g¢ | m:)
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Batch Methods

e SGMethods have several drawbacks, chief among
them 1s the choice of a stepsize.

* Is there a setting where this can be mitigated? Yes,
when the expectation is in fact a large sum:

min Ly (6) := E[ls(Z)] +v(0)

O CRP
Y

min —Zl (0, z;) + Y (0)

OcR?P N
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Batch Methods

*We would like to have the benefits of SGM (low cost

per iteration) without the disadvantages (slow
convergence near optimum, step size selection)

Gradient Descent "~ ——

16 source: https://wikidocs.net/3413



https://wikidocs.net/3413

Batch Methods

—SGD
—— Batch

Trainig error
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Logistic Regression L1 regularization
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Three Methods

* Primal methods

* Stochastic Average Gradient (A) descent, SAG(A) (Le Roux et
al., 2012, Schmidt et al., 2013, Defazio et al., 2014)

e Stochastic Variance Reduced Gradient descent, SVRG
(Johnson and Zhang, 2013, Xiao and Zhang, 2014)

* Dual methods (see Fenchel duality)

* Stochastic Dual Coordinate ascent, SDCA (Shalev-Shwartz and
Zhang, 2013a)
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