Distributed and Stochastic
Optimization for
Machine Learning

Please install the following for the TP:
python3, Pre-install numpy, numba, scikit-learn, ipython
notebook / jupyter.
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Reminders on Convexity: Sefs

*Line segment between two points in Hilbert space:

{x =X x1+(1—XNxg, 0 A1}

*A convex set contains all segments of all its points




Reminders on Convexity: Epigraph

e Epigraphs and domain

Det
epi(f) = {(z,t) e R" x R: f(z) < ¢}
)

dom(f) ={x € R?: f(z) < oo}

epigraph

e .

domain
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Reminders on Convexity: Functions

e Convex function

R =RU{}

/

Det

f: RP — Rconvex

0

\V/$1,$2 ERP,OS)\S 1,
fAz1 + (1= ANze) < Af(z1) + (1= A) f(22)

¢ A function is convex iff its epigraph is.
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convex loss functions for regression

e Label is a real number (regression)

1 , quadra‘tic

(u,y) = 5 (u—y)% -

L-(u,y) = (1 — 7)max(u — y,0) + 7max(y — u,0),7 € [0, 1]

le(u,y) = max(|ly —ul —e),e >0 tau-quantile

| —

eps-sensitive

| ——

Ly —u)? for |y — u| <0,
z(g(u,w{ﬂy ) y—ul <

0|y —u| — %52 otherwise. huber



convex loss functions for regression
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convex loss functions for classification

e Label is a binary, prediction is a number
logistic
l(u,y) = log(1 + exp(—yu)), I
I(u,y) = |1 — yuly = max(1 - yu,0),  hinge
[(u,y) = exp(—yu), exponential

| —

0, yu > 1,

l(u,y) =9 5 — yu, yu < 0, smoothed hinge
2(1 —yu)?, otherwise. S



convex loss functions for regression
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convex regularizers

b(0) = ||6]3 = "0, e
0@ =16l =10, L

V(0) = al|0||, + b]|0]]5, elastic net

() =10l = D o;(6)

trace norm (for matrices)

——— ————
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convex loss functions for regression
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(Gradients

For a Qifferentiable function

f :RP — R, the gradient

of f at x € dom(f) is
o7




Subgradients

e Subgradients are natural generalization of gradients
Det

For convex function f : R? — R, the subdifferential
of f at x € dom(f) is

Of(x) ={g e RPNy e RP (y —x,9) + f(x) < f(y)}




Legendre Transform

Det

For a (possibly non convex) function f :
the convex conjugate of f is, Vy € RP,

f (y) = sup (z,y) — f(x)

x ERP
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Legendre Transform
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Legendre Transform

F** ()




Legendre Transform

I Def

For a (possibly non convex) function f : RP — R,
the convex conjugate of f is Vy € RP,

f(y) = sup(x,y) — f(x)

Logistic loss

L1 regularization

L, regularization

(p>1)

log(1 + exp(—x))

d
Zj:l | x;]”

{

(—y)log(—y) + (1 + y)log(1l + y)

@)

|

()
Squared loss %xz %yz
-1<y<0
Hinge loss max{1l — x, 0} {y (Fl=y<0),

(otherwise).

(otherwise).

0
oo (otherwise).

d
2 j1

(max; |y;| < 1),

. _P
e i
pP—1

21




Legendre Transform

I Def

For a (possibly non convex) function f : RP — R,
the convex conjugate of f is Vy € RP,

f(y) = sup(x,y) — f(x)

rERP

f* is convex, even if f is not.

yecof(z) & flx)+ f(y) = (v,y) &€ If (y)

vz, y, f(x) + f*(y) > (x,y)
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Fenchel Duality Theorem

Theorem

Let f:RP - R and g : R? — R be closed convex, and A € RZ*P g linear
map. Suppose that either condition (a) or (b) is satisfied. Then

inf f(z)+ g(Az) = sup —f*(A"y) — g*(—y)

xERP yeRq

(a)dx € RP s.t. x € ri(dom(f)) and Az € ri(dom(g))
(b)Jy € RY s.t. ALy € ri(dom(f*)) and — y € ri(dom(g*))
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Fenchel Duality Theorem

Theorem

Let f:RP - R and g : R? — R be closed convex, and A € RZ*P g linear
map. Suppose that either condition (a) or (b) is satisfied. Then
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Fenchel Duality and ERM

lo(2i) = U(yi, z; 0)

g(X0)| X eR"P

——




Smoothness of Functions

I Def

smoothness: gradient is Lipschitz continuous

|V f(x) = V)| < Lijz — 27|

strong convexity: f is pu-strongly convex if
r — f(x)—5|x|? is convex.




Smoothness of Functions

I Def
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Smoothness of Functions

Theorem

f 1s L -smooth < f* is % - strongly convex.

/ =

0

Logistic: loss Is smooth,

Dual Logistic: strongly convex
not strongly convex J gty ’

not smooth

28



