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Statistics 0.1 : Density Fitting
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We fit a parametric
family of densities

{Pea 0 - @}

e.g. 0 = (m,X); pg = N(m,
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Density Fitting
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We stop when there
is a'good fit.




Maximum Likelihood Estimation

pedo

ON AN ABSOLUTE CRITERION
FOR FITTING FREQUENCY CURVES.

By K. A. Fisher, Gonville and Caius College, Cambuidge.

1. IF we set ourselves the problem, in its
frequent oceurrence, of finding the arbitrary
function of known form, which best suit a
observations, we are mect at the outset by
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Maximum Likelihood Estimation

ON AN ABSOLUTE CRITERION
FOR FITTING FREQUENCY CURVES.

By B. A. Fisher, Gonville and Caius College, Cambuidge.

1. IF we set ourselves the problem, in its
frequent ocenrrence, of finding the arbitrary
function of known form, which best suit a
observations, we are met at the outset by w
which appears to invalidate any results we m
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Maximum Likelihood Estimation

Equivalent to a KL projection in
the space of probability measures
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the space of probability measures




In higher dimensional spaces...
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In higher dimensional spaces...

~ | Data space has dimension

I/data"\..._,__\‘ / 1()() X 100 X 256 X 256 X 256

; ~ 167 x 10"



(Generative Models

10



(Generative Models

L
- °
latent ® UVdata
space ¢

°
°

data space

10



(Generative Models

latent
space

c—————

fo : latent space — data space

>

data space

10



(Generative Models

fo : latent space — data space

latent
space

.34

.32]

.01

data space

10



(Generative Models

<

=%

c—————

fo : latent space — data space

>

latent

space

32

.34

.01

10



(Generative Models
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(Generative Models
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Push-forward: VB C €, fyu(B) == pu(f~*(B))
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(Generative Models
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Goal: find @ such that fgsp fits vgata
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(Generative Models

fo : latent space — data space

c—————

latent
space

data space

Difference between fitting a push forward
measure foyp vs. a density pg?
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(Generative Models
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(Generative Models

fo : latent space — data space
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Need a more flexible discrepancy
function to compare Vgat, and fogpe
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Workarounds?

3 Vdata
_> [ ] [ )
latent
space ’

data
space

* Formulation as adversarial problem [GPM...’14]

| A 1 atas —1
€0 classifiors g 0Yg ((fourt, +1), (Vdata, —1))

e Use a richer metric A for probability measures,

able to handle measures with non-overlapping
supports:

min A (Vdatas Po), nOtL i KL(vgatal|Po)
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Minimum A Estimation

The Annais of Srausrics
1980, Vol. 8. No. 3, 457-487

MINIMUM CHI-SQUARE,INOT MAXIMUM LIKELIHOOD!

By JOSEPH BERKSON m
Mayo Clinic, Rochester, Minnesota STATISTICS
SNy & DATA ANALYSIS
ELSEVIER  Computationy Statistics & Data Amalysis 29 (1998) 81-103
e sl LR B o Minimuifi Hellinger §istance
i Deiare estimation {01 PO1SSON mixtures

Dimitris Karlis, Evdokia Xekalaki*
Daparumeni of Swanterics, Athens University of Econamics and Bus!ness. 76 Parlzsion Sw., 104 34 dihens, Grecce

Available online at www sciencedirect.com

l SCIENCE @DIREOT' STATISTICS &
1 PROBABILITY
el LETTERS
ELSEVIER Stutistios & Prahahility Tetlers 76 (2006) 1298 1302

wyww clsevier.com, locate/stapro

On minimun® K antorovich Mistance estimators

Federico Bassetti*, Antonella Bodini®, Eugenio Regazzini™™*
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Minimum Kantorovich Estimation

* Use optimal transport theory, namely Wasserstein
distances to define discrepancy A.

n W(vqata,
min (Vdata, fos b)

e Optimal transport? fertile field in mathematics.

Monge Kantorovich Koopmans Dantzig Brenier McCann Villani

Nobel '75 Fields '10
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What is Optimal Transport?

A geometric toolbox to
compare probability measures
supported on a metric space.
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What is Optimal Transport?

A geometric toolbox to
compare probability measures
supported on a metric space.

Empirical
Measures,
i.e. data

-
-
~
2 i 4 J
'y AR e
5 " . o - o g e .
0 i ok L — Sl aines iy & K
g . ‘" o
’
-
‘ |

Color Histograms




What is Optimal Transport?

A powerful geometric toolbox to
compare probability measures.

®

ISDPC..’15]
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What is Optimal Transport?

A powerful geometric toolbox to
compare probability measures.

Wasserstein
Barycenters

[Agueh’11] ‘

ISDPC..’15]
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What is Optimal Transport?

A powerful geometric toolbox to
compare probability measures.

Barycenters

|Agueh’11]
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Origins: Monge’s Problem

€66 MEMOIRES DE LACADEMIE ROYALE

MEMOIRE

THFEORIE DES DEBLAIS
ET DES REMBLAISG.

M

Pr M. M oN~N GE.

l orsQU’oN doit tranfporter des terres d'un lieu dans un
aqutre, on a coutume de donner ie nom de Déblai au

volume des terres que T'on doit tranfporter, & le nom de
Remblai i Vefpace qu'elles doivent occuper apres le tranfport.
23
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Origins: Monge’s Problem

() a probability space, ¢ : {2 x )} — R.
1, v two probability measures in P(€2).

[Monge’81] problem: find a map 71" : {2 — (2

in /Q c(z, T(2)) u(dx)

Ty p=v




Origins: Monge’s Problem

() a probability space, ¢ : {2 x )} — R.
1, v two probability measures in P(€2).

[Monge’81] problem: find a map 71" : {2 — (2
[Brenier'87] If Q =R% c= |- — - |°,
1, v a.c., then I' = Vu, u convex.




Monge’s Problem

() a probability space, ¢ : {2 x )} — R.
1, v two probability measures in P(€2).

[Monge’81] problem: find a map 1" : {} — ()

in /Q c(z, T(2)) u(dx)

Ty p=v




Monge’s Problem

() a probability space, ¢ : {2 x )} — R.
1, v two probability measures in P(€2).

[Monge’81] problem find a map 1" : () — ()
inf 1 (dx)

Ty = 1/

/\L--,L




| Kantorovich’42| Relaxation

e Instead of maps 1" : () — (2, consider
probabilistic maps, i.e. couplings PP & P(Q X Q):

(e, v) S{P € P(Q x Q)|VA, B C Q.
P(A x Q) p(A),
P x B) =v(B)}
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| Kantorovich’42| Relaxation

(p,v) S{P € P(Q x Q)|VA, B C Q,

P(A x Q) = u(A), P(Q x B) = v(B)}




| Kantorovich’42| Relaxation

(p,v) S{P € P(Q x Q)|VA, B C Q,

P(A x Q) = u(A), P(Q x B) = v(B)}




Wasserstein Distances

Def. For p > 1, the p-Wasserstein distance

between p, v in P(£2), defined by a metric
D on (),

det
WP(p,v) =

inf / D(x,y)" P(dx,dy).

Pell(p,v)
PRIMAL
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Wasserstein Distances

Def. For p > 1, the p-Wasserstein distance

between p, v in P(£2), defined by a metric
D on (),

def
Pell(p,v)

Wy(p) ™t [ D(e.y)"P(da,dy).

won AR AANTOPOR

THE DISTRIBUTION OF A PRODUCT FROM SEVERAL -
SOURCES TO NUMEROUS LOCALITIES

By Frawk I.. Hircacock

1. Statement of the problem. When several factories supply a prod- | MATEMATUNECHUE
uct to a number of cities we desire the least costly manner of distribu-

tion. Due to freight rates and other matters the cost of a ton of product METOAbI

: . : : . . n
to a particular city will vary according to which factory supplies it, O EIARHISA

_ . : M AALRPORAIGA
and will also vary from eity to city. NPOHIBOACTOA
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Wasserstein Distances

Def. For p > 1, the p-Wasserstein distance
between p, v in P(£2), defined by a metric

D on (),

Wy(p) ™t [ D(e.y)"P(da,dy).
Pell(p,v)

Wilpv)= s [ pdp [y
peLi(pm),peLly(v)
e (x)+1(y) <D (z,y)

:



W is versatile

Discrete - Discrete

1] a

Discrete - Continuous

A




- Network flow solvers
- Entropic regularization

Discrete - Continuous

Iow dim. |

a1tk M
[M’11][KMB’16] IL’151 \\//ﬂﬂfﬂ,,,-ﬂ

Continuous - Continuous Stochastic
Optimization

_ [GCPB’16]




Minimum Kantorovich Estimators

in Wi(vdata,
min W(vdara, for1t)

* [Bassetti’06] 1st reterence discussing this approach.
e IMMC’16] use regularization in a finite setting.
e |ACB’17] (WGAN) IBJGR’17] (Wasserstein ABC).

* Hot topics: approximate & differentiate W efficiently.

* Today: ideas from our recent preprint [GPC’17]

31



Wasserstein on Empirical Measures




Wasserstein on Empirical Measures

Consider 1 = Z a;0,, and v = Z b0y, .
1—=1 71=1
det

Mxy = |D(xi,y;)"]i;
U(a,b) < {P ¢ R"*"™|P1,, = a,PT1, = b}

Y1 Ym b1 b,

D(m,,;,yj)p ' le — a




Wasserstein on Empirical Measures

Consider 1 = Z a;0,, and v = Z b0y, .
1—=1 71=1
det

Mxy = |D(xi,y;)"]i;
U(a,b) < {P ¢ R"*"™|P1,, = a,PT1, = b}

by B

Yi coe Ym

D(xi,y;)P f . P71, —b

1 3san,




Wasserstein on Empirical Measures

Consider 1 = Z a;0,, and v = Z b0y, .
1—=1 71=1
det

Mxy = |D(xi,y;)"]i;
U(a,b) < {P ¢ R"*"™|P1,, = a,PT1, = b}

Def. Optimal Transport Problem

P — ] P, M
Wp (l’l'v V) PEmUl(Ic},,b)< » LV XY >

33




Discrete OT Problem

Mxy




Discrete OT Problem

Mxy
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Discrete OT Problem

Mxy
P*“‘,
Def. Dual OT problem
WP, v) = max ata+ B'b
ppV) = max p

o;+8;<D(xi,yj)”

35



Discrete OT Problem

. network flow solver
Mxy S used in practice. /'\
s O(n®log(n))

U(a,b)

Note: flow/PDE formulations [Beckman’61]/[Benamou’98] can be
used for p=1/p=2 for a sparse-graph metric/Euclidean metric.

35



Discrete OT Problem

. network flow solver
My S used in practice. /'\
O(n”log(n)) =
U(a,b)
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Discrete OT Problem

. network flow solver
My S used in practice. /'\
/ O(n°log(n)) =
' Uab)

' Solution P™ unstable
and not always unique.
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network flow solver
Mxy used in practice. /'\
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' Solution P unstable
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Discrete OT Problem

network flow solver
Mxy used in practice. /'\
O(n”log(n)) =
U(a,b) \

' Solution P unstable
and not always unique.
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Discrete OT Problem

network flow solver
Mx ¥ used in practice. /'\
O(n”log(n)) =
Ulab)

' Solution P™ unstable
and not always unique.
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Discrete OT Problem

network flow solver
Mx ¥ used in practice. /'\
O(n”log(n)) =
Ulab)

' Solution P unstable
* N and not always unique.

0“
‘0
’0
P ’.

WP(u,v) not differentiable.

37



Entropic Regularization [Wilson’62]

Def. Regularized Wasserstein, v > 0

det :
W, — P. M —~vE(P
’Y(N’v V) PEHUl'l(I(},,b)< 9 XY > Y ( )

def —
E(P)= — ) Pij(log P;)

2,)=1

Note: Unique optimal solution because of strong concavity ot Entropy
38




Entropic Regularization [Wilson’62]

def
W’y(ua V) —

min
PeU(a,b)

Def. Regularized Wasserstein, v > 0
P, Mxy ) —vE(P)

v

JA\

JA\

JA\

J
iz P,

\

\

>

Note: Unique optimal solution because of strong concavity ot Entropy

38



Fast & Scalable Algorithm

det

Prop. If P, = argmin (P, Mxy )—vE(P)

then -

lu € R,

PcU (a,b)
v € R, such that

P, = diag(u)Kdiag(v), K e~ Mxy /v

39




Fast & Scalable Algorithm

Prop. If P, = argmin (P, Mxy )—~vFE(P)

PcU (a,b)
then Jlu € R, v € R, such that

P, = diag(u)Kdiag(v), K e~ Mxy /v

L(P,Ct,ﬁ) — ZPZJMZQ -+ ”)/PZ] 10g P@'j -+ CMT(PI — a) -+ BT(PTI — b)
)
8L/8Pm — Mz’j —+ v(log Pij -+ 1) + ;T ﬂj

a; 1 My B 1
(OL/OFP;; =0) =P;=e" 2e 7 eV 2 =u; K;jv,

39



Fast & Scalable Algorithm

Prop.

then -
P, =

If P, = argmin (P, Mxy )—~vFE(P)

PeU(a,b)
lu € R, v € R, such that

diag(u)Kdiag(v), K T e~ Mxv /7

e [Sinkhorn’64| fixed-point iterations for (Ua U)

u+—a/Kv, v+ b/K'u

X0, (nm) complexity, GPGPU parallel [C13].
-O(nd‘H)if Q={1,... ,n}dand D? separable.

S..C.."15]
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Sinkhorn Divergence

Def. For v > 0, let W, (u, v )def<P7,MXY>

Prop. W, (s, 1) > 0

Def. Normalized Sinkhorn Divergence

def 1

W, () W, (2, 0)

5 (Wo (ks ) + W, (v, v))

Prop. If p=1, W, (,v) — ED(u,v)

Y—> O

40




Algorithmic Formulation

Def. For L > 1, define

WL(“’)”) d§f<PL7MXY >7

where P < diag(uy)Kdiag(vr),

def def
Vo = 1m;l Z (),ul — a,/K’Ul,’UH_l — b/KTul.
Prop. %V;/(L, ag[; L can be computed recur-

sively, in O(L) kernel K xvector products.

41




Proposal: Autodift OT using Sinkhorn

Approximate W loss by the transport cost
W atter L Sinkhorn iterations.

| e—C/s

(C O K)br,ar)

9, — (' |— K

Vi

-y Yn)

V.

XnK

1m_ﬁ§}@+

by

v
xmK "

1/ bé—l—l "EL (0)

Ag4+1

(yl,..

Input data

{0 +1

Generative model
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MNIST, Learning fo

Example

,//I////./J.J,‘/’aqqolhlulvlm\
LN AN NN NN S ST T

W WO N NN OOV I I VIV III3S
WM MMMOMOOODOYVOOIO0
B WOWMMWOMOMMNOAVDOOOQ0

LLLLVLVLLOOMMOMAONQAYVPAIQP00O0
LLbubbbuunmnmmmmmmgQYPQUQQQQAOQ O
WbhbbbluintnnmmmmmnyQQQ00

— e ——— AN NN RN RN NNANNN
L, e ———— — ~ NN RT RN NNANANN~N
U P —— ~—ee R I ENNNNN
e e - —_—— eI RIX™DNNNS
NN N N — o — RTINS
NN N N e D~ Sl R S S S
WO N N N e e S~ i s S S ol o
S e - - ol ol s ol il
SNNN NN N NSNS e orr
NN NN NN NN s v eweoTooooTorCr

LSRN T 10 16 G B B R RCRURURURRC O |

MWW MOMMMMOaAQVAOQOQ O

o
o o o (=3
— ~N m =

50

500

400

300

200

100

43



Example: Generation of Images

MMD-GAN

e CIFAR 10 images

* In these examples the cost function is also learned
adversarially, as a NN mapping onto feature
vectors.
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Concluding Remarks

* Regularized OT 1s much taster than OT.

* Regularized OT can interpolate between W and the
MMD / Energy distance metrics.

* The solution of regularized OT is “auto-differentiable’.

e Many open problems remain!

Sat Dec Sth 08:00 AM -- 06:30 PM @ None Workshop

Optimal Transport and Machine Learning N | PS , 1 7 WO R KS H O P

Olivier Bousquet - Marco Cuturi - Gabriel Peyré - Fei Sha - Justin Solomon
Dates n/a. @ TBA Tutorial

A Primer on Optimal Transport NIPS'17 TUTORIAL

Marco Cuturi - Justin M Solomon
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